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Abstract 
ETFE membrane film structures are often realized in construction. Because ETFE film is a kind of polymer materials, it shows 
both elasto-plastic and visco-elastic characteristics. Using FEM and experimental results of ETFE film, the authors developed the 
constitutive equation.  
First to investigate the elasto-plastic characteristics of ETFE, a biaxial tensile test was carried out. The elasto-plastic 
characteristics DUH formulated adopting the von Mises criterion under biaxial stresses. FEM analysis of the test of rectangular 
ETFE cushion under pressure showed the validity in presenting ETFE behaviour based on the proposed constitutive equation.  
Then to investigate the viscoelastic properties, an incremental formula of the constitutive equation was extended and introduced 
to FEM analysis. The test showed that uniaxial creep properties can be presented using the proposed constitutive equation.  
Furthermore, to present biaxial creep properties, the incremental form of the constitutive equation was extended and the 
confirmation was given for its validity  
In this paper, also to investigate temperature dependency of the elasto-plastic characteristic, the following points are focused on:  
1- Under multiple temperature conditions, uniaxial and biaxial tensile tests as well as creep testes are carried out.  
2- To include these properties, an incremental form of the constitutive equation is presented.  
3- Confirmation of the validity of the proposed constitutive equation is given. 
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1. Introduction 
Recently, ETFE materials have been applied to various membrane structures. Because ETFE Film is not a woven 
material, stretching characteristics are different from that of PTFE membrane. Moreover, because it is high polymer 
material, remarkable viscoelastic characteristics are observed. 
Here, in order to design an ETFE Film structure, attention was paid to characteristics under both uniaxial tension 
and biaxial tension also to viscoelasticity characteristics. There are many researches about uniaxial tension 
characteristics. Especially, the research by Moriyama and Kawabata [3,4], by the present authors [2] and by Wu and 
Li [5] paid their attention to the uniaxial viscoelasticity characteristics,. In the research by Moriyama and Kawabata 
[3, 4], dynamic viscoelastic experiments were performed. As the result, the nonlinear viscoelasticity constitutive 
equation which considers ETFE Film time-temperature dependability was presented, however, the formulated 
constitutive equation is a little bit difficult to be applied directly in FEM analysis.  
Therefore, the first author of the present paper proposed, in his previous research [2], a nonlinear viscoelasticity 
constitutive equation as an incremental model but for a uniaxial stress condition, then carried out its validation. This 
constitutive equation, with FEM analysis usage as a prerequisite, is formulated using incremental formulation. 
Moreover, elapsed time, stress change and temperature change can be included explicitly.  
In the research by Wu and Li [5], FEM analyses were performed considering the viscoelastic characteristics under 
the constant temperature. But, “creep coefficients in each element are all determined according to its stress after 
loading process. By means of table, creep coefficients are calculated by linear interpolation according to stress.”  In 
other words, the creep in the process of loading time is excluded in their research, and their formulation did consider 
the effect during loading time. 
For membrane structures, the biaxial tension characteristics are important in the case of biaxial stress. As the 
research related to biaxial tension characteristics, for example, we find a few ones; by the present authors [1], by 
Galliot and Luchsinger [6] and by Li and Wu [7]. The first author, under a condition of constant temperature, (1) 
based on MSAJ Standards [8, 9], carried out biaxial tension tests as well as shearing tests of ETFE Film. Elastic 
modulus for design was obtained from the results. (2) With respect to 5 types of stress ratio, biaxial tensile test was 
conducted, and based on the results, the relation between equivalent stress and equivalent plastic strain was 
identified. From the results, regardless of stress ratio, the curves of equivalent stress and equivalent plastic strain 
were proved the same. (3) It was confirmed that the relations can be expressed by the proposed elastic-plastic 
constitutive equation. (4) For the pressurized membrane of a square plan, experiments and numerical simulations 
were performed. The simulations were based on the proposed elastic-plastic constitutive equation applied to FEM 
analysis. 
In the research by Galliot and Luchsinger [6], considering equivalent stress and equivalent strain, it was 
confirmed that the behaviour are independent of stress ratio. Moreover, they showed that true yield stress depends on 
true plastic strain rate. Anyhow, they showed that by considering equivalent stress, equivalent strain and strain rate, 
elastic-plastic characteristics can be expressed.  
AS for the research by Li and Wu [7], under a condition of constant temperature, uniaxial / biaxial creep tests and 
stress analysis are carried out. (1) For the combination of two types of loading time and two types of stress, uniaxial 
viscoelastic coefficients were determined from experiments. (2) The approach is similar to the reference [5], but in 
the study [7] the difference in stress distribution is neglected and the same coefficients are used for all elements in 
spite that stress distributions are different in those elements. Because they conducted the study under a condition of 
constant temperature and constant strain rate [1, 6, 7], the viscoelastic coefficients could be obtained easily. 
However, to perform FEM analysis using their method in the existence of fluctuations in stress and temperature, the 
viscoelastic coefficients under variable stress and temperature are needed, and the method has a difficulty in 
application under variable stress and temperature conditions. 
Accordingly, in this paper, the incremental nonlinear viscoelasticity constitutive equation for uniaxial stress 
condition is extended to biaxial stress condition. The validation of equation is to be performed. The equation is 
presented including the effects of elapsed time, stress change and temperature change with following targets. 
(1) The incremental nonlinear viscoelastic constitutive equation for biaxial tension condition is proposed. 
(2) Experimental tests and numerical simulation for biaxial tension tests and biaxial creep tests are compared. 
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2. Formulation of incremental constitutive equations for ETFE film 
2.1. Incremental constitutive equations for linear viscoelasticity under uniaxial tension 
Based on generalized Voigt model [11], a linear incremental constitutive equation studied in previous paper [2] is 
illustrated in Figure 2.1.1. The constitutive equation is shown below and the related variables are shown in Table 
2.1.1. 
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2.2. Incremental constitutive equations extended to be used under biaxial stress 
In order to understand a biaxial stress condition, variables related to Maxwell elements and Voigt elements are 
divided into deviatoric components and volumetric components. Divided variables are shown in Table 2.1.1.  
2.2.1. Incremental stresses 
Consider the stress and strain at a time of the j-th step, where ( )jtσ and ( )jtε denote the stress and strain 
respectively at the time jt . After a certain time increment tΔ , the increments are caused by σΔ  and elεΔ , and the 
stress and strain change to the incremental step as follows.  
1j jt t t+ = + Δ
(2.2.1) 
1( ) ( )j jt tσ σ σ+ = + Δ
(2.2.2) 
1( ) ( )
el el el
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(2.2.3) 
As shown in Figure 2.2.1, assuming that stress changes linearly in the time domain from ( )jtσ  to 1( )jtσ +  makes 
it possible to express the following formulation. 
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
Figure 2.1.1 generalized Voigt model 
Figure 2.2.1 Linear variation of stress 
during a time increment tΔ step 
7DEOH 2.1.1 Variables 
Variables for 
constitutive 
equation of
uniaxial tension 
Deviatoric and 
volumetric 
components for 
constitutive equation 
of biaxial tension 
For Maxwell model Suffix g ←
For Voigt model Suffix i ←
For deviatoric 
components 
- Suffix G 
For volumetric 
components 
- Suffix K 
time increment tΔ ←
stress increment σΔ ,
m
σ σ′Δ Δ
Viscoelastic strain 
increment 
elεΔ ←
Incremental strain 
for sprint , dashpot  
εΔ g1 , εΔ g2
ε ′Δ g1 , εΔ g1m,  
ε ′Δ g2 , εΔ g2m
Incremental strain 
for Voigt element i εΔ i ε ′Δ i , εΔ i m
compliance of elastic 
spring element g
C , iC GgC , KgC , GiC , KiC
Viscosity gη , iη Ggη , Kgη , Giη Kiη
Relaxation and 
retardation time g
T , iT
g Gg KgT T T= = , 
i Gi KiT T T= =
2.2.2. Incremental visco-elastic strains for each element 
A consideration is given to the viscoelastic strain increment elεΔ  for deviatoric and volumetric components, 
which is evaluated for each Voigt model in Figure 2.2.1. 
A) Maxwell element 
The deviatoric and volumetric strains are as follows; 
1 1,
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B) Voigt elements 
The deviatoric and volumetric strains are as follows; 
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2.2.3. Incremental constitutive equations for linear viscoelasticity 
From Eqn. (2.2.6), (2.2.7), (2.2.8), incremental stresses are as follows; 
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2.3. Incremental constitutive equations for nonlinear viscoelasticity under uniaxial tension 
Depending on strain level of ETFE Film, the creep strain shows nonlinearity. Accordingly, the relation between 
linear strain vector, { }elε and nonlinear strain vector, { }nlε is expressed in the following equation that uses 
nonlinear viscoelastic coefficient, ( )a σ . 
{ } { }( )nl elaε σ ε= ⋅ (2.3.1) 
where 
( )2 2 23x x y y xyσ σ σ σ σ τ= − + + 1/ 2 (2.3.2) 
Consequently, from the nonlinear strains at the time steps, jt and 1jt + , the incremental nonlinear strain, { }1nl jε +Δ , 
is given as follows; 
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{ } { } { }1 11 1( ) ( ) ( )nl el elj j jj j ja a aε σ σ ε σ ε+ ++ +ª ºΔ = − + ⋅ Δ¬ ¼ (2.3.3) 
2.4. Time temperature superposition principle 
Consider the creep compliance C  at two temperatures T  and 0T . The principle of time-temperature superposition 
states that the change in temperature from T  and 0T  is equivalent to multiplying the time scale by a constant factor 
Ta  which is only a function in terms of the two temperatures T  and 0T . In other words, 
0
log( ( )) log( / )Ta T t t′= (2.4.1) 
where t  and t ′ denote the original and shifted times, respectively. The shift factor, Ta , is also expressed as follows 
with the activation energy HΔ ,  
10
0
1 1 1
log ( )
2.303T
H
a T
R T T
§ ·Δ
= −¨ ¸© ¹
(2.4.2) 
where 38.314 10 /( )R kJ mol K−= × ⋅ is applied. 
3. Evaluation of constants used in the incremental model constitutive equation 
3.1. Creep compliance of ETFE 
In our previous paper, to agree with the experimental results by Moriyama and Kawabata, constants of 
generalized Voigt model are assumed. Minimum retardation time in previous paper was 1.0E-03 sec. 
In this paper, in order to express the high temperature characteristics in more details, minimum retardation time is 
set to be 4.90E-07 sec, then the constants are evaluated again. The results are shown in Table 3.1.1 with gC = 4.14E-
04. 
Table 3.1.1 Retardation time iT  and compliance iC
i iT iC i iT iC i iT iC
1 9.13E+13 9.12E-04 10 9.35E+06 1.72E-05 19 9.57E-01 1.25E-05 
2 3.65E+12 2.37E-04 11 1.87E+06 2.69E-04 20 1.91E-01 6.04E-05 
3 7.30E+11 6.65E-04 12 3.74E+05 4.70E-05 21 7.66E-03 1.66E-05 
4 1.46E+11 2.65E-04 13 7.48E+04 1.98E-04 22 1.53E-03 8.20E-07 
5 2.92E+10 1.07E-03 14 1.50E+04 2.22E-05 23 3.06E-04 1.48E-04 
6 5.84E+09 1.54E-04 15 2.99E+03 1.35E-04 24 1.23E-05 1.92E-05 
7 1.17E+09 7.95E-04 16 5.98E+02 3.49E-05 25 2.45E-06 5.54E-05 
8 2.34E+08 1.21E-04 17 1.20E+02 1.28E-04 26 4.90E-07 7.44E-06 
9 4.67E+07 4.61E-04 18 4.79E+00 6.30E-05    
3.2. Activation energy HΔ
In this paper, as similarly in previous paper, the data by Moriyama and Kawabata are used. Moriyama and 
Kawabata [3, 4] presented the activation energy, HΔ , of ETFE. The results are shown in Table 3.2.1 and Figure. 
3.2.1. These values are to be utilized later in the current analysis.  
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Table 3.2.1 Activation energy [3, 4]  
WHPSHUDWXUHT DFWLYDWLRQHQHUJ\ HΔ
T  40 C° 
40 C° T  90 C° 
90 C° T 
Figure 3.2.1 Relationship between inverse of 
temperature T  and shift factor represented in 
10log ( )Ta T  with reference temperature 0T  of 20 C°
Table 4.1.1 Test conditions 
Film thickness 250 mμ
Stress ratio 
(1:1), (1:0), 
(0:1), (2:1), 
(1:2) 
Chuck inner Distance 600mm 
Max stress 19.6MPa 
Strain rate 0.67%/min. 
Temperature 25 : 26 C°
(a) Stress ratio (1:1) 
Figure 4.1.2 Stress-strain relationship of  
thickness 250 mμ
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4. Material properties of ETFE Film 
4.1. Biaxial tension tests 
In this section, the loading tests performed under 
biaxial tension are explained. Test conditions are 
shown in Table 4.1.1. Test sample is shown in Figure 
4.1.1. 
Test results are shown in Figure 4.1.2. From these 
results, it was confirmed that stress-strain relationship 
is isotropic, not depend on the direction. The curves 
become nonlinear when stress exceeds the 12MPa. 
Figure 4.1.1 Test sample 
0 20 CT = °
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(b) Stress ratio (1:0) (c) Stress ratio (0:1) 
(d) Stress ratio (2:1) (e) Stress ratio (1:2) 
Figure 4.1.2 Stress-strain relationship of thickness 250 mm
4.2. Biaxial creep tests 
Next, biaxial creep test were carried out. Test 
conditions are shown in table 4.2.1. Test sample 
has the same shape like Figure 4.1.1. Test results 
are shown in Figure 4.2.1.  
Table 4.2.1 Test conditions 
Film thickness 250 mm
Stress ratio (1:1) 
Chuck inner Distance 600mm 
Max stress 6, 9MPa 
Strain rate 0.67%/min. 
Temperature 20 : 23 C°
Figure 4.2.1 Strain-Time relationships of biaxial creep tests 
5. Simulations of experimental tests 
5.1. Simulations of biaxial tension tests 
Simulations of the biaxial tests carried out in section 4.1 are performed. In the numerical analysis, the 
temperature is assumed 25.5 C° . The nonlinearity coefficient ( )ia σ was determined as follows. 
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( ) 0.0846 0.592i ia σ σ= + (5.1.1) 
Estimated stress and strain relation obtained using Eqn. 5.1.1 is shown in Figure 5.1.1. It shows good agreement 
between theory and experiment for the stress and strain relationship including nonlinearity. 
(a) Stress ratio (1:1) (b) Stress ratio (1:0) (c) Stress ratio (0:1) 
(d) Stress ratio (2:1) (e) Stress ratio (1:2) 
Figure 5.1.1 Stress-strain relationship of thickness 250 mm
5.2. Simulations of biaxial creep tests 
Simulations of the biaxial creep tests carried out in section 4.2 are illustrated. In the numerical analysis, the 
temperature is assumed used 25.5 C° .  The value of nonlinearity coefficient ( )ia σ of Equation 5.1.1 was used. 
Simulated relations of strain and time are shown in Figure 5.2.1. This result is shown in rough estimation of the 
strain magnitude up to 24 hours. However, from the fact that differences in the time rate of strain change is caused, 
it can be predicted that the difference occurs in the long-term prediction.  
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Figure 5.2.1 Estimation of Strain-Time relationships for biaxial creep tests 
6. Conclusion 
In this paper with a target to enable analysis of deformation under bi-axial stress for bi-axial creep characteristics 
of the ETFE Film, (1) the incremental nonlinear viscoelastic equation is proposed to include the biaxial creep 
characteristics. As well, (2) constants necessary for the constitutive equation were estimated based on experiments. 
(3) The validity of the proposed constitutive equation was ascertained by carrying out the comparison between the 
test and experiment for both biaxial tension tests and biaxial creep tests.  
The behaviour under biaxial tension test is expressed sufficiently accurate by the proposed theory, but for the 
prediction of the biaxial creep strains for long-term, it is not necessary to say that further improvement of the 
viscoelastic coefficients adopted in the present formulation are required. 
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